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In an armchair carbon nanotube pn junction the p- and n- regions are separated by a region
of a Mott insulator, which can backscatter electrons only in pairs. We predict a quantum-critical
behavior in such a pn junction. Depending on the junction’s built-in electric field E, its conductance
G scales either to zero or to the ideal value G = 4e2/h as the temperature T is lowered. The two
types of the G(T ) dependence indicate the existence, at some special value of E, of an intermediate
quantum critical point with a finite conductance G < 4e2/h. This makes the pn junction drastically
different from a simple barrier in a Luttinger liquid.
PACS numbers: 71.10.Pm, 64.70.Tg
Transport measurements in carbon nanotube (CNT)
devices reveal strongly correlated behavior of conduc-
tion electrons. Experiments on tunneling into single-wall
CNT [1, 2] or across a barrier interrupting a CNT [2]
demonstrated a power law bias- and temperature- de-
pendence of the current, consistent with a gapless ex-
citation spectrum and Luttinger correlations of the elec-
tron liquid. Recent experiments [3] showed that armchair
CNTs develop a gap in the spectrum of charge excitations
at zero doping. The gap formation could be attributed
to the electron Umklapp processes [4, 5], which back-
scatter pairs of electrons. These processes drive armchair
CNTs into the Mott-insulating state. In contrast, un-
doped semiconducting CNTs are simple band insulators.
Although Mott and band insulators are qualitatively dif-
ferent, no clear experimental signature of that dichotomy
has been observed in CNTs.
In this Letter we predict that the difference should
manifest itself in the conduction of a pn junction formed
by bipolar doping of a CNT. In contrast to a simple
“band” pn junction, in which the barrier between the p-
and n- regions is formed by a band insulator, a “Mott”
pn junction formed in a pristine armchair CNT does
not back-scatter single electrons. However, the Umk-
lapp backscattering of pairs of electrons remains effective
near its center. In short junctions these processes are ir-
relevant and do not alter the perfect zero-temperature
conductance (G = 4e2/h). In longer junctions, Umk-
lapp processes bring about the Mott-insulator state and
drive the zero-temperature conductance to zero. The
bipolar doping of a CNT can be achieved by gating the
nanotube [6], which enables one to change the junction
length by controlling the built-in electric field E. By
varying E at a fixed low temperature T , one can tune the
conductance G of the junction between almost perfect
and zero values. Lowering the temperature makes this
crossover sharper and culminates in a zero-temperature
quantum phase transition occurring at some critical field
value E = E∗. The described dependence on E and T
the Mott pn junction conductance, G(T,E), is drastically
different from that of a band pn junction, where G van-
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FIG. 1: (a) Electron spectrum near the Dirac points α = ±1
(+ or − indicates parity). (b) Near x = 0 the gate potential is
U(x) ≈ −eEx and saturates to ±U0 in the p- and n- regions.
(c) Schematic picture of the conductance dependence on E at
different temperatures. The G(E) curves at different temper-
atures intersect at the fixed point and increase monotonically
with E. The step in G(E) at T = 0, indicates a quantum
phase transition. (d) RG flow for the conductance.
ishes at any E in the low temperature limit, T → 0. We
make detailed predictions for the G(T,E) dependence in
the vicinity of the quantum phase transition.
We consider a single pn-junction that is formed by
a static potential U(x) imposed by two gates, as in
Fig. 1(b). In the p- and n- regions U(x) saturates to ±U0,
while near the center of the pn-junction U(x) ≈ eEx,
where −e is the electron charge and E is the built-in
electric field. If the gate potential is not too strong,
|U0|  vF /R, where R is the CNT radius (we set ~ = 1 in
the intermediate formulas), the pn-junction may be mod-
eled using the low energy CNT band structure shown
in Fig. 1 (a). Two spin degenerate bands intersect at
two Dirac points (valleys, α = ±1). The electron wave
functions in the intersecting bands have opposite parity
P = ±1. They are either symmetric (P = 1) or antisym-
metric (P = −1) in the AB sublattices [7]. We assume
that U(x) is smooth on the interatomic scale and does
not break the symmetry between the A and B sublat-
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2tices. Then both inter- and intra-valley backscattering is
absent, and we may write the noninteracting part of the
electron Hamiltonian as
H0 =
∑
αrσ
∫
dxψ+αrσ(x) [−i r vF∂x + U(x)]ψαrσ(x).
Here vF ≈ 8∗105 m/s is the Fermi velocity, α = ± is the
valley index, r = ±1 labels left and right movers, and σ
the electron spin.
We assume that the number of unit cells N around the
circumference of an (N,N) armchair CNT is large. To
zeroth order in 1/N the Coulomb interaction of electron-
electron (e-e) backscattering is absent [8]. The forward
scattering part of the e-e interactions is,
Vf =
V (0)
2
∫
dxn2(x); n(x) =
∑
αrσ
ψ+αrσ(x)ψαrσ(x).
Here V (0) ≈ 2e2 ln(d/R) is the forward scattering ma-
trix element (we assume that the Coulomb interaction is
screened by the gate at a distance d from the CNT).
The gate potential U(x) results in a position-
dependent doping density characterized by the Fermi
wave vector kF (x) ∼ −U(x)/vF . We can bosonize the
electron operators by the standard procedure [9]
ψαrσ(x) =
Fασ√
2piξ
eir [
∫ x kF (x′)dx′−Φασ(x)]+iΘασ(x). (1)
Here ξ ∼ R is the short distance cutoff, Fασ are
Klein factors. The bosonic fields Φ and Θ obey the
standard commutation relations [Φασ(x),Θα′σ′(x
′)] =
−ipiδαα′δσσ′θ(x− x′).
In the bosonic representation the electron density is
n(x) = 4kF (x)/pi −
∑
ασ ∂xΦασ(x)/pi and the forward
scattering part of the Hamiltonian Hf ≡ H0 +Vf reduces
to the same form as in a uniform CNTs [10]
Hf =
∫
dx
2pi
∑
j
uj
[
Kj(∂xΘj)
2 + (∂xΦj)
2/Kj
]
. (2)
Here j = c±, s± labels charge (c) and spin (s) modes
that are symmetric (+) or antisymmetric (−) in the
valley index α. They are related to the fields Φασ by
Φασ = [Φc+ + αΦc− + σΦs+ + ασΦs−] /2. Only the c+
mode carries charge and the other three are neutral. The
mode velocities are uj = vF /Kj , where the Luttinger pa-
rameters are Kc+ = 1/
√
1 + 4V (0)/pivF  1 and Kj = 1
for the neutral modes.
Backscattering interactions are small in 1/N [8], and
may be treated as perturbations to the Hamiltonian (2).
Some of them are relevant and qualitatively change the
low energy physics. The most relevant backscattering
interaction corresponds to the so-called Umklapp pro-
cesses, which scatter two right-movers into left-moving
states or vice-versa [4, 10]. In the presence of doping the
Umklapp Hamiltonian can be written as [5]
HU = −
∫
dx
2(piξ)2
cos
(
2Φc+(x)− 4
∫ x
0
kF (y)dy
)
×
{g3 cos[2Θs−(x)] + (g3 − g1) cos[2Φs+(x)]
+ g1(cos[2Φc−(x)]− cos[2Φs−(x)])} . (3)
Here the coupling constants g1 and g3 are of order e
2/N
and g3 > g1. The low energy electron Hamiltonian of the
pn-junction is given by the sum of Eqs. (2) and (3),
H = Hf +HU . (4)
The position-dependent Fermi vector kF (x) in Eq. (3)
saturates to constant values ±k0 in the n- and p- regions
whereas near x = 0 it has a linear dependence of x,
kF (x) = −x/L2E . (5)
Here the length scale LE is defined by the built-in electric
field E controlled by the gate voltages, LE ∼
√
vF /eE.
Relating the current operator to charge field as j =
−2e∂tΦc+(x = 0, t)/pi and using the Kubo formula we
can express the device conductance as
G = i
8e2
pih
lim
ω→0
ω Gω(0, 0). (6)
Here Gω(x, x′) is the retarded Green’s
function of the charge field, Gω(x, x′) =
−i ∫∞
0
dteiωt 〈[Φc+(x, t),Φc+(x′, 0)]〉.
In the absence of Umklapp interactions evaluation of
the Green’s function is straightforward and gives
G0ω(x− x′) = −ipi(Kc+/2ω+) eiω+|x−x
′|/uc+ , (7)
where ω+ = ω + iη. When substituting this expression
into Eq. (6) it should be born in mind that the dc con-
ductance is controlled by the leads, where LL effects are
absent. Thus the Luttinger parameter should be set to
unity, Kc+ → 1 [11], yielding G0 = 4e2/h.
The Umklapp processes degrade electric current by
backscattering pairs of electrons and thus decrease the
device conductance. They are most effective near the
zero doping point x = 0 and strongly suppressed deep in
the p- and n- regions. At low temperatures, T  vF k0,
the Umklapp backscattering in the p- and n- regions re-
sult in exponentially small ∼ exp(−2vF k0/T ) resistivity.
We assume that the length of the p- and n- regions is
not sufficient to compensate for this exponential small-
ness and neglect this contribution. In this approximation
backscattering arises from the spatial region |x| . T/eE,
where |kF (x)| . T/vF . At T  U0 the spatial depen-
dence of kF (x) in this region is linear. Therefore the pn-
junction may be modeled by the Hamiltonian (4) with
kF (x) given by Eq. (5) in the entire space.
3Spatial localization of backscattering enables us to ex-
press Green’s function of the charge mode as
Gω(0, 0) = G0ω(0) + G0ω(0)
∫ ∞
−∞
dxdx′Tω(x, x′)G0ω(0). (8)
Here Tω(x, x
′) is the part of the T-matrix that corre-
sponds to scattering of a plasmon into a single plasmon.
Using Wick’s theorem (c.f. Appendix A of Ref. [12]) one
can show that it can be expressed as
Tω(x, x
′) = −i
∫ ∞
0
dt eiωt 〈[∂ΦHU (x, t), ∂ΦHU (x′, 0)]〉
+ δ(x− x′)〈∂2ΦHU (x)〉, (9)
where HU (x, t) is the Umklapp Hamiltonian density and
∂Φ denotes a partial derivative with respect to Φc+.
In the low frequency limit needed for evaluating the
dc conductance the unperturbed Green’s functions G0ω in
Eq. (8) are given by Eq. (7) with Kc+ = 1. Then the
deviation δG of the device conductance from the ideal
value, 4e2/h, may be expressed as
δG = −ie
2
h
lim
ω→0
2pi
ω
∫ ∞
−∞
dx dx′Tω(x, x′). (10)
The T-matrix properties are dominated by the fluctu-
ations of bosonic modes with frequencies on the order
of the temperature T and characteristic spatial scale of
LT ∼ vF /T . Provided the device length is longer than
LT the T-matrix needs to be evaluated using the Hamil-
tonian (4) with the values of the Luttinger parameters
corresponding to the device interior.
The energy gap ∆ ∼ (vF /ξ)(g3/vF )1−Kc+ [4] induced
by the Umklapp interaction in a uniform CNT at zero
doping defines an additional characteristic length scale,
ζ = vF /∆. Backscattering at the pn-junction is weak for
LE  ζ and strong for LE  ζ.
For LE  ζ the correction to the ideal conductance
may be expanded in perturbation series in HU , Eq. (3).
Using Eqs. (10), (9) we get to second order inHU , δG
(2) =
−c (2piTξ/uc+)2Kc+(LE/ξ)2(3g21−2g1g3+2g23)/v2F , where
c = (e2/h)B(Kc+ + 1,Kc+ + 1)/2pi, with B(x, y) being
the Euler Beta function. This result may be rewritten as
δG(2) ∼ (e2/h)(LE/ζ)2(T/∆)2Kc+ . It vanishes at T → 0,
which corresponds to irrelevance of point-like Umklapp
scattering in the renormalization group (RG) sense.
Although higher order terms in perturbation theory
are smaller in powers of LE/ζ they have different tem-
perature dependence. In the fourth order correction to
the ideal conductance the most relevant term is δG(4) ∼
−(e2/h)(LE/ζ)4(T/∆)8Kc+−2.
This result can also be obtained using the following RG
considerations. Because of localization of backscattering
to the the region of size |x| ≤ LE at low temperatures,
T  vF /LE , the pn-junction acts as a point scatterer. In
contrast to a potential point scatterer [13] the pn-junction
can only scatter pairs of electrons. The Umklapp scatter-
ing may be described by an effective “impurity” Hamil-
tonian H2 ∼ LEHU (0). Upon reduction of the energy
band width, Λ0 ∼ vF /ξ → Λ = Λ0e−l, new operators
are generated in the effective Hamiltonian of the bar-
rier. They have the form of higher powers of H2. The
most relevant of those is H4 ∼ Λr4 cos (4Φc+(0)), with
the scaling dimension 4Kc+ − 1. The correction δG(4)
can be obtained by the lowest order perturbation theory
in H4, δG
(4) ∼ (e2/h) ∫ tdt〈[H4(t), H4(0)]〉 ∝ T 8Kc+−2.
For Kc+ < 1/4 the H4 is relevant and δG
(4) diverges
at zero temperature. The RG fixed point (FP) at perfect
transmission is unstable, and the system flows to strong
backscattering even at LE  ζ. We show below that the
strong backscattering FP is stable. The expected RG
flow is as shown in Fig. 1(d). It corresponds to vanishing
zero temperature conductance. We note that the tem-
perature dependence of conductance is nonmonotonic. In
the regime of applicability of perturbation theory δG =
−a (LE/ζ)2 (T/∆)2Kc+ − b (LE/ζ)4 (T/∆)8Kc+−2, where
a and b are constants on the order of e2/h. The maximum
conductance is reached at T ∼ ∆ (LE/ζ)1/(1−3Kc+).
Because of the large value of the interaction constant,
e2/vF ≈ 2.7 and the sensitivity of the forward scattering
matrix element V (0) to screening by the gates both cases
Kc+ < 1/4 and Kc+ > 1/4 may be realized.
For Kc+ > 1/4 all backscattering operators generated
in the process of renormalization are irrelevant. There-
fore the FP at perfect transmission is stable for weak
backscattering, LE  ζ. At the same time, the anal-
ysis below shows that a perfect reflection fixed point
is stable at Kc+ < 1. This indicates the existence at
1/4 < Kc+ < 1 of a quantum phase transition in the con-
ductance of pn-junction, controlled by the ratio LE/ζ.
At strong backscattering, LE  ζ, the pn-junction
may be viewed as two semi-infinite Luttinger liquids sep-
arated by a strong barrier where the bosonic fields are
pinned to one of the classical minima of the Umklapp
Hamiltonian. The minima form a periodic lattice in the
four-dimensional space Φj = pinj/2, where nj are inte-
gers, which are either all even or all odd. Charge trans-
port between the p- and n- regions proceeds via tunneling
between different points in the lattice [14]. The tunneling
operator corresponding to the shift {nj} → {ni + δnj} is
exp{i∑j [θj(x1)− θj(x2)]δnj/2]}, where x1 and x2 label
the points just to the left and to the right of the barrier.
Its scaling dimension is 1−∑j(δnj)2/(4Kj). The oper-
ators that transfer charge across the junction must have
nonzero δnc+. For Kc+ < 1 all of them are irrelevant,
and thus the zero temperature conductance vanishes.
The stable FPs at perfect transmission and reflection
for 1/4 < Kc+ < 1 must be separated by an unstable
FP with an intermediate value of zero temperature con-
ductance. The pn-junction can be tuned to this FP by
adjusting the parameter LE . The dependence of con-
ductance on LE at low temperature is schematically pre-
4sented in Fig. 1(c). The critical conductance and critical
exponents at the intermediate fixed point depend on the
values of the Luttinger parameters Kj .
To analyze the intermediate FP near Kc+ = 1/4 we
note that only two of the operators generated in the
course of renormalization have scaling dimensions that
are reasonably small: H4 and HU (respective scaling di-
mensions 4Kc+ − 1 and Kc+). All other operators are
strongly irrelevant. The proximity of the values of Kc+
corresponding to marginality of HU and H4 (Kc+ = 0,
and Kc+ = 1/4) enables one to use a kind of -expansion
in which both  = Kc+ and 4 = Kc+ − 1/4 are assumed
small. In this case the intermediate FP is perturbatively
accessible. Writing the effective pinning Hamiltonian
as Heff = Λ[r4 cos(4Φc+) + cos(2Φc+)
∑
a ra cos(2Φa)],
where r4, ra are dimensionless amplitudes and a labels
the neutral modes, we obtain the RG equations to lead-
ing order in , 4,
dlra = − ra + rar4, (11a)
dlr4 = −44r4 +
∑
a
r2a/4, (11b)
where dl = d/dl. The intermediate FP exists for 4 > 0
and is located at r∗4 =  and
∑
a r
∗2
a = 164. The FP con-
ductance can be found by using lowest order perturbation
theory with FP values of the reflection amplitudes [13],
G∗ = 4(e2/h)(1 − 4 − 2/324). The presence of the 4
in the denominator in the last term signals that Eq. (11)
is valid provided 4  2. Near the FP the conductance
behaves as G(T )−G∗ ∼ (e2/h)(1−LE/L∗E)(~vF /Tξ)λ+
where λ+ = −24+2
√
24 + 24. A similar analysis in the
limiting case of 1−Kj = η → 0+ gives the intermediate
FP conductance G∗ ∝ η2. Interpolation between these
two limiting cases gives the RG flow shown in Fig. 1(d).
The above picture is modified if single-electron
backscattering is present. In a symmetric armchair CNT
it can be caused by a magnetic field B applied along the
CNT axis or by the electron-phonon (ep) interactions.
The corresponding backscattering Hamiltonian may be
written as [15–17]
δH = −i
∫
dx
∑
αrσ
ψ†αrσ(x)ψα−rσr[α∆u(x) + ∆B ], (12)
where ∆B and ∆u are respectively the gaps induced
in the single particle spectrum by the magnetic field,
∆B = (pi/2)eBvFR, and by the lattice deformation. At
low temperatures only the twist acoustic (TA) phonons
are important and ∆u(x) = gT∂xu(x), where u(x) is the
TA mode displacement and gT ∼ 1/
√
N  1 is the cor-
responding coupling constant. As in the case of two-
particle processes, single electron backscattering is effec-
tive only in the vicinity of the pn-junction, |x| . LE .
The zero-transmission FP is stable with respect to single
electron backscattering.
For LE  ζ and at small B and gT the stability
of the FP at perfect transmission with respect to sin-
gle particle backscattering may be examined by per-
turbation theory. Bosonizing the fermion operators in
Eq. (12) as in Eq. (1) we find the lowest order correc-
tion δG ∼ −(e2/h)[(LE/ξ)2(g2T /ρs3T )(ξT/vF )(3+Kc+)/2 +
(LE∆B/vF )
2(vFT/ξ)
(Kc+−1)/2]. Here ρ is the mass per
unit length of the CNT and sT is the speed of sound for
the TA mode [16]. The temperature dependence of the
two terms here shows the stability of the perfect trans-
mission FP with respect to the ep backscattering and its
instability with respect to B 6= 0.
Combining the stability analysis of the perfect trans-
mission and perfect reflection FPs we conclude that the
intermediate FP is not destroyed by the ep interactions.
However application of a magnetic field drives the zero
temperature conductance of the junction to zero. This
reveals that magnetoresistance of a CNT pn-junction [18]
is strongly enhanced by the Luttinger liquid effects.
In conclusion, the Mott-insulating state of an armchair
CNT should manifest itself in the dependence of the pn
junction conductance G on the temperature T and built-
in electric field E. In a broad range of parameters, the
G(T,E) dependence is controlled by a T = 0 quantum
phase transition occurring at some value of E = E∗. The
critical behavior of G(T,E) is controlled by an unstable
fixed point with conductance G∗ < 4e2/h. That suggests
the possibility of the scaling analysis of experimental data
used in investigations of quantum phase transitions [19].
This work was supported by the DOE grant DE-
FG02-07ER46452 (W.C. and A.V.A) and the NSF DMR
Grant No. 0906498 at Yale University (L.I.G.), and the
Nanosciences Foundation at Grenoble, France. The hos-
pitality of CEA Grenoble (France) is greatly appreciated.
[1] M. Bockrath, D.H. Cobden, J.G. Lu, A.G. Rinzler, R.E.
Smalley, L. Balents, and P.L. McEuen, Nature 397, 598
(1999).
[2] Z. Yao, H.W.Ch. Postma, L. Balents, C. Dekker, Nature
402, 273 (1999).
[3] V. V. Deshpande, B. Chandra, R. Caldwell, D. Novikov,
J. Hone, M. Bockrath, Science 323, 106 (2009).
[4] A. Odintsov and H. Yoshioka, Phys. Rev. B59,10457
(1999).
[5] A.A. Nersesyan and A.M. Tsvelik, Phys. Rev. B 68,
235419 (2003).
[6] M. Gabor, et al. Science 325, 1367 (2009).
[7] R. Jishi, M. S. Dresselhaus and G.Dresselhaus, Phys.
Rev. B 48, 11385 (1993).
[8] L. Balents and M.P.A. Fisher, Phys. Rev. B 55, R11973
(1997).
[9] T. Giamarchi, Quantum physics in one dimension,
(Clarendon, Oxford, 2003).
[10] C. Kane, L. Balents, and M. P. A. Fisher, Phys. Rev.
Lett. 79, 5086 (1997); R. Egger and A. Gogolin, Phys.
Rev. Lett. 79, 5082 (1997).
5[11] D. L. Maslov and M. Stone, Phys. Rev. B 52, R5539
(1995); V. V. Ponomarenko, ibid. 52, R8666 (1995); I.
Safi and H. J. Schulz, ibid. 52, R17040 (1995).
[12] W. Chen, A.V. Andreev, E.G. Mishchenko, L.I. Glaz-
man, Phys. Rev. B 82, 115444(2010).
[13] C.L. Kane, M.P.A. Fisher, Phys. Rev. Lett. 68, 1220
(1992); Phys. Rev. B. 46, 15233 (1992).
[14] H. Yi, and C. Kane, Phys. Rev. B 57, R5580 (1998).
[15] C.L. Kane et al, Europhys. Lett. 41, 683 (1998).
[16] W. Chen, A.V. Andreev, A.M. Tsvelik, and D. Orgad,
Phys. Rev. Lett. 101, 246802 (2008).
[17] H. Ajiki and T. Ando, J. Phys. Soc. Jpn. 62, 1255(1993);
ibid. 65, 505(1996).
[18] A.V. Andreev, Phys. Rev. Lett. 99, 247204 (2007).
[19] S.L. Sondhi, S.M. Girvin, J.P. Carini, and D. Shahar Rev.
Mod. Phys. 69, 315 (1997).
